We demonstrate the applicability of four-body exponentially correlated functions for the accurate calculations of relativistic effects in lithium-like atoms and present results for matrix elements of various operators which involve negative powers of interparticle distances.
I. INTRODUCTION
In the accurate evaluation of atomic energy levels not only the nonrelativistic energy, but also relativistic and QED effects have to be calculated with the high precision. The only approach which consistently accounts for all corrections in small atomic systems is the one based on the expansion of the energy in the fine structure constant α E = m α 2 E (2) +α 4 E (4) +α 5 E (5) +α 6 E (6) +α 7 E (7) +. . . .
(1) Each term in this expansion can be expressed as the expectation value of some effective Hamiltonian with the nonrelativistic wave function. Namely E (2) is the nonrelativistic energy (in atomic units), E (4) is the relativistic correction, which for states with the vanishing angular momentum is the expectation value of H (4) in Eq. (4) . E (5) and higher order corrections are expressed in terms of matrix elements of some more complicated operators. They have been calculated for low lying states of the helium atom and helium-like ions up to the order m α 6 [1] , and for the particularly important case of 2 3 P J splitting up to the order m α 7 [2] . One of the sources of this achievement was the flexibility of the explicitly correlated exponential basis set, which due to its correct analytic properties, makes possible accurate evaluation of matrix elements with complicated and singular operators.
In the case of the lithium atom and light lithium-like ions all corrections up to E (5) have been accurately calculated [3] [4] [5] , but not that of higher orders. The principal reason for the much slower progress for three-electron atoms is the difficulty in handling integrals with explicitly correlated functions. The commonly used explicitly correlated Gaussian functions do not have right analytic properties, for example they do not satisfy the cusp condition, and therefore cannot be used for the calculation of higher order relativistic corrections, like E (6) . Hylleraas basis functions have the right analytic behavior: the accuracy in solving the Schrödinger equation is the highest among all other basis functions, but it is difficult to handle Hylleraas integrals involving quadratic negative powers of two different interparticle distances. Such integrals appear in the evaluation of E (6) and for this reason other basis functions have been investigated in the literature. * mpuchals@fuw.edu.pl † krp@fuw.edu.pl
Zotev and Rebane in [6] were the first to apply exponentially correlated functions φ( r 1 , r 2 , r 3 ) = e −α1 r1−α2 r2−α3 r3−β1 r23−β2 r13−β3 r12 , (2) in variational calculations for Ps 2 and the other exotic molecules. They have found a simplified formula for matrix elements of the nonrelativistic Hamiltonian and presented numerical results of variational calculations with a few basis functions. In our recent paper [7] we presented an efficient algorithm for the evaluation of integrals involving powers of r i and r ij g(n 1 , n 2 , n 3 , n 4 , n 5 , n 6 ) = e −w1 r1−w2 r2−w3 r3−u1 r23−u2 r13−u3 r12 (3) with n a being nonnegative integers. It is based on recursion relations which start from the master Fromm-Hill integral [8, 9] , where all n a = 0. We have applied this algorithm to the variational calculations of the ground state of Li and Be + with up to 128 functions. The comparison of nonrelativistic energies with the ones obtained with much larger number of Hylleraas functions indicates that the exponential representation of the three-electron wave function is very efficient.
The class of integrals in Eq. (3) with nonnegative n a is sufficient for nonrelativistic energies [6, 7] . However, it is not sufficient to calculate the leading relativistic effects described by Breit-Pauli Hamiltonian, which for S-states takes the form
Its matrix elements involve an extended class of integrals with exactly one of n a equal to −1, and all others are nonnegative, while that for leading QED effects involve integrals with n a = −2. This is well known from calculations with Hylleraas basis functions, where all u a in Eq. (3) are equal to zero. Hylleraas extended integrals of that kind have been extensively studied in [10] [11] [12] [13] [14] [15] [16] [17] using multipole-type of expansions and recently by present authors using analytical recurrence approach [18, 19] .
Both methods had been successfully applied in high-precision calculations of leading relativistic and QED corrections to the energy of lithiumlike systems [3, 19, 20] . There are no similar studies for exponentially correlated integrals to the best our knowledge, and for the first time we present them in this work.
In the calculation of relativistic and QED effects beyond leading order, E (6) for example, another class of integrals appears with two quadratic inverse powers of interparticle distances. There are only few studies in the literature for threeelectron Hylleraas integrals [12, 13, 17] . The algorithm by King [17] seems to be too slow for a large scale computation, where integrals with Ω = a n a of order 30 have to be performed. The evaluation of these integrals is quite difficult with the recursion method and have not yet been worked out so far.
In the case of exponentially correlated integrals the problem seems to be even more severe, since the master integral with u a = 0 is much more complicated. However, being able to optimize nonlinear parameters of each function independly, one does not need to use large powers of interparticle distances in the basis set. For S-states it is sufficient to use functions of the form (2) . In such a case, having an analytical and thus accurate method for g(n 1 , n 2 , n 3 , n 4 , n 5 , n 6 ) with nonnegative n a , inverse negative powers of the interparticle distance can be obtained by the numerical integration with respect to the corresponding parameter w a or u a . It however requires a good control of numerical accuracy of the master integral and of recursion relations in Eq. (10) . The usage the higher precision arithmetic is essential in some critical areas of the integration. A key feature of our numerical integration strategy is the adapted quadrature, which allows one to get the high accuracy with a very small number of points.
We demonstrate our method on examples with expectation value of various operators on lithium ground state. Results obtained for matrix elements involving single n a = −1 are compared to the most accurate ones obtained with the Hylleraas basis set. Good numerical convergence of results for matrix elements involving two negative powers, for example 1/(r . indicate that this integration approach can be used for the calculation of higher order relativistic corrections, for example m α 6 and m α 7 effects in the hyperfine and fine structure of lithium-like systems.
II. CALCULATION OF INTEGRALS

A. Tetrahedral symmetry
An important property of integrals defined in Eq. (3) is the tetrahedral symmetry which is equivalent to the permutation group S 4 . We can assign vertices 1,2,3 to the electrons and 0 to the nucleus as shown in Fig. (1) , and to edges we assign u a , w a and n a parameters of a given integral. The symmetry group S 4 corresponds to 24 renumbering of vertices 0,1,2, and 3, which means also a relevant change of parameters on the edges. The generated symmetry relations allow us to reduce the number of recurrence formulas for Slater integrals. It is necessary to derive only one recurrence scheme, and the formulas for the advancement in the other indices can then be 0 n 1 e 2 e 3 e
Tetrahedron representing the integral from Eq. (2) obtained by application of the S 4 symmetry.
B. Basic integrals
The evaluation method for g(n 1 , n 2 , n 3 , n 4 , n 5 , n 6 ) for the basis class with all nonnegative n a was first presented by Harris in [21] and later by us in Ref. [7] . Here we present only a short summary, which is needed for the evaluation of the extended integrals. The master integral g 0 ≡ g(0, 0, 0, 0, 0, 0) satisfies the following differential equation
where the S 4 symmetric polynomial σ is of the form
and function P is given by
and where the two-electron integral Γ is
The recurrence relations for the integrals g result from the differential equation (5) and can be written in a compact form as
i1...i6=0
where we use a Newton-like symbol notation
and
The relation (10) allows one to express the integral g(n 1 , .., n 6 ) with positive index n 1 through g-integrals with smaller nonnegative indices. Derivatives of polynomials in P (n 1 , n 2 , n 3 , n 4 , n 5 , n 6 ) and σ(n 1 , n 2 , n 3 , n 4 , n 5 , n 6 ) are calculated explicitly. The master integral g(0, 0, 0, 0, 0, 0) and the two-electron integrals Γ are needed to start the evaluation of g(n 1 , n 2 , n 3 , n 4 , n 5 , n 6 ) from recursion relations. For g(0, 0, 0, 0, 0, 0) we implemented the formula of Fromm-Hill [8] in the version improved by Harris [9] . The calculation of the two-electron Γ functions has been described in detail in Refs. [22] [23] [24] . In Eq. (10) the parameter w 1 is distinguished on the right-hand side. We can define the same recurrence relations with other variables w a , u a from expressions (7), (10), and (13) by applying the tetrahedral symmetry.
The proposed recurrence scheme allows us to calculate integrals from higher shells Ω very efficiently. In Table I we present values in two reference points introduced by Fromm and Hill in Ref. [8] . These are the standard reference point (SRP) w a = u a = 1 where σ = −2 and the auxiliary reference point (ARP) w a = 1, u a = 0 with σ = 1. Values for the last one can be compared to the known Hylleraas results. All presented digits are significant, which confirms the very good stability of the recursions at least at these reference points.
The integrals g(n 1 , n 2 , n 3 , n 4 , n 5 , n 6 ) with σ is close to zero are difficult to evaluate because the recurrence relations are numerically unstable. Following Harris' studies on the master integral g(0, 0, 0, 0, 0, 0) in Ref. [9] , we considered w a = 1, u a = α close to α = 3 −1/2 where σ is exactly equal to zero. As an example we present in Table II values for (1, 1, 1, 1, 0, 0 (1, 1, 1, 1, 1, 0) 2.500 000 000 000 000 000 000 000 000 0 10 (1, 1, 1, 1, 1, 1) 8.000 000 000 000 000 000 000 000 000 0 10
4.595 097 600 000 000 000 000 000 000 0 10 g(1, 1, 1, 1, 1, 1) which needs six evaluations of recursions (10) . Close to the critical point σ = 0, we used Bailey's multiprecision library [25] . We control the number of significant digits by dynamical estimating and adjusting the appropriate precision of the arithmetic. As presented in Table II , we can approach the critical point σ = 0 as close as we need for practical purposes. This strategy of course slows down the algorithm significantly, but in practical applications the parameters close to the critical point σ = 0 are very rare. This strategy of controlling precision in the region of instabilities allows one to cross σ = 0 points in the minimization of the nonrelativistic energy. In Table III we present results for nonrelativistic energies for the ground state of Li obtained with global minimization of all nonlinear parameters in the basis length of N = 128, 256, 512 respectively. The achieved precision is much higher than that from similar number of Hylleraas functions.
C. Extended integrals
In this section we present an algorithm for calculations of extended integrals with 1/r 2 a or 1/r 2 ab factors in Eq (3). This means that some of indices in g(n 1 , n 2 , n 3 , n 4 , n 5 , n 6 ) are equal to −1. Fully correlated exponent in Eq. (3) gives the opportunity to obtain extended integrals by using either a single integration over w a or u a i.e. (1, 1, 1, −1, 1, 0 (1, 1, 1, −1, 1, 1 or a double integration i.e.
The adaptive increase of the arithmetic precision close to critical points σ = 0 is necessary here for the precise evaluation of g(n 1 , n 2 , n 3 , n 4 , n 5 , n 6 ). Moreover, one is able to perform accurately this integration by using N -point generalized Gaussian quadrature with logarithmic end-point singularity [26]
where W i are regular functions on the interval (0, 1). This quadrature becomes exact for W i being polynomials of maximal degree N − 1, and the example of 30 point quadrature, which is used through out this paper for calculation of mean values, is presented in Appendix A.
If integration variable u in Eq. (14) is mapped into the interval (0, 1) by the following change of variable
then the quadrature with logarithmic end-point singularity is sufficient for one-dimensional integrals in Eq. (14) , where N = 30 quadrature allows one to obtain about 30 significant digits as shown in Table IV .
The presented values for integrals are obtained at ARP and SRP points. Some of them can be found in the literature, for example g(2, 2, 2, −1, 2, 2) at ARP point [17, 18] , which corresponds to a Hylleraas type of integral. Perfect agreement with those results, demonstrates high accuracy is achieved for the extended integrals. The proposed evaluation method fully relies on properties of the recurrence algorithm for basis integrals, which must be very stable on the integration path over the corresponding parameter. In comparison to the one-dimensional integral in Eq. (14), the convergence of two-dimensional integral Eq. (15) with respect to the number of integration points is much worse. For this reason we use a slightly different mapping into (0, 1) intervals, which is
The numerical convergence of the integral in Eq. (15) is the worst for the case n 3 = 0, where the leading asymptotics includes a square of the logarithm. For n 3 > 0 convergence improves significantly. The use of Gaussian quadrature adapted to logarithmic end-point singularity with 30 points is enough for practical applications. In Table V we presented numerical values for g(n 1 , −1, n 3 , −1, n 5 , n 6 ) in ARP and SRP reference points with the accuracy of 10 −16 . In the case of n 3 = 0 they have been obtained with 60 point quadrature. It is possible to obtain even higher accuracy for n 3 > 0, but further improvement for n 3 = 0 requires a more sophisticated integration strategy. There are no such problems with integration involving parameters which are attached to opposite edges of the tetrahedron, i.e. g(−1, n 2 , n 3 , −1, n 5 , n 6 ), see Fig. 1 , so this case of integral in Eq. (14) with n 3 = 0 is the one which limits accuracy of mean values. 
D. Expectation values
The basis class of integrals (n i ≥ 0) and the class with the one index equal to −1 is sufficient for all mean values of operators like those in the Breit-Pauli Hamiltonian, Eq. (4). 
III. SUMMARY
Our primary motivation for developing explicitly correlated exponential basis set is the efficient representation of the wave function in a small number of basis functions. We applied it for the accurate numerical calculation of expectation values of some operators corresponding to higher order relativistic and QED effects. They involve integrals with quadratic inverse powers of at least two interparticle distances, which are the most difficult in the evaluation. Using this compact and very flexible correlated exponential basis set, we are aiming to determine m α 6 and m α 7 effects in the hyperfine and fine structure of lithium-like systems, which have not been investigated so far. 
